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A theoretical description of a new experimental technique related to the fifth-order optical nonlinearity of a 
chromophore in condensed media is presented. Three optical pulses are used to create three consecutive electronic 
coherence states the duration of the first two of which are controlled. Four nonlinear response functions 
representative of the full set of 16 response functions are calculated. The wave vectors associated with these 
four nonlinear response functions are given by kl, 2k3 - kl, 2k3 - 2k2 + kl, and 2k2 - kl. We consider a Gaussian 
function for the inhomogeneous distribution of electronic transition energies and express the fifth-order three- 
pulse scattering (FOTS) signals in terms of homogeneous and inhomogeneous contributions. If the two delay 
times controlling the coherence periods are set equal, the "diagonal" signal appearing with wave vector 2k3 - 
2kz + kl  allows a clean separation of homogeneous and inhomogeneous broadening for a Markovian line 
broadening function with arbitrary inhomogeneous width. For non-Markovian line broadening functions, the 
diagonal FOTS signal is free of short-time distortion from the Gaussian components, but in this case, both 
diagonal and off-diagonal (Le. unequal delay times) signals must be measured to obtain the homogeneous and 
inhomogeneous contributions. We illustrate the results in the Markovian limit and provide a preliminary 
discussion of the situation for non-Markovian line broadening functions. The short-time behavior is discussed 
and a more general model in which the bath is described as a set of harmonic oscillators characterized by a 
spectral density is outlined. 

1. Introduction 
Electronic spectra of chromophores in condensed media are 

usually broad and often featureless. The broadening arises from 
thermal congestion, fluctuations of the electronic transition 
frequency caused by rapid fluctuations of the surrounding system 
(referred to as homogeneous broadening)' and inhomogeneously 
distributed slowly varying local solvent configurations.2 The last 
two contributions originate from two different aspects of the 
solvent. The homogeneous broadening is related to the dynamical 
evolution of the solvation energy induced by the fluctuation of 
the solvent molecules. On the other hand, the inhomogeneous 
broadening results from the distribution of local configurations 
around each chromophore. It is often difficult to clearly separate 
the two contributions in liquids, since the time scales of the local 
structural transitions may be quite similar to those of the solvent 
fluctuations. Both the dynamical aspects of the solvent-solute 
interaction, which result in the homogeneous contribution to the 
optical spectrum, and the inhomogeneous distribution play 
important roles in chemical dynamics in condensed media.3*4 In 
addition, the inhomogeneous distribution of the electronic 
transition energy is an interesting quantity which can be studied 
from the equilibrium statistical mechanics of 1iquids.S-9 

In order to eliminate the effect of inhomogeneous dephasing, 
photon echo measurements have been used.Ib13 For example, 
consider a two-pulse photon echo measurement for which the 
pulse configuration is shown in Figure 1. The first external field 
whose wave vector is kl creates an electronic coherence state. 
After a controlled delay time, T I ,  a second electronic coherence 
state is created by two interactions with a second external field 
propagating with wave vector k2. The second electronic coherence 
state evolves for time t .  If there is a broad inhomogeneous 
distribution of the electronic transition energies of chromophores 
in condensed media, the rephasing process makes the echo intensity 
with wave vector 2k2 - kl peak at t = 71.10J1J4 Photon echo 
signals are usually measured by integrating the echo intensity 
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Figure 1. Pulse sequences for two-pulse photon echo (PE) and fifth- 
order three-pulse scattering (FOTS). kl and 71 denote the wave vector 
of the ith pulse and the controlled delay time between the ith and (i + 
1) pulses, respectively. 

over time t (see Figure 1). Then the measured signal can be 
written as 

where H(r1,t) and I(~1,t) denote the homogeneous and inhomo- 
geneous echo response functions. The inhomogeneous part is 
usually given by the ensemble average of the inhomogeneous 
electronic phase. If the inhomogeneous distribution is very broad 
compared to any time scale of the nuclear dynamics, z(T1,t) can 
be approximated by a 6 function, 6 ( ~ 1 -  t ) .  Thus the echo signal 
is completely determined by the homogeneous part of the total 
response contribution, H ( T ~ , T ~ ) .  For example, if we invoke the 
Markovian approximation to the solvent fluctuation correlation 
function, then H ( T ~ , T ~ )  = exp(-4rT1), where r is the pure 
dephasing constant. As discussed by the authors,I4 although the 
homogeneous contribution H ( ~ 1 , t )  in real molecular liquids is 
likely to be more complicated than implied by the Markovian 
limit, if I ( q , t )  -  TI - t ) ,  the echo signal is still governed by 
the homogeneous contribution alone. However, if the inhomo- 
geneous width is comparable to the inverse of the time scale of 
the nuclear dynamics (but is still static), the echo signal given 
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by an integral over t contains both homogeneous and inhomo- 
geneous contributions and simply does not represent the homo- 
geneous contribution. The measured photon echo signals cannot 
be, therefore, distinguished from three-pulse scattering signals15 
or spatial- and frequency-grating spectroscopies16 experimentally. 

In order to overcome this barrier, we propose a new experiment 
utilizing three pulses propagating with different wave vectors 
(see Figure 1). The basisofthenew experiment is theintroduction 
of a second coherence period whose duration is controllable. As 
we will show, this can be achieved at fifth order (six-wave mixing) 
using a configuration involving three pulses with different wave 
vectors. The experiment now becomes “two dimensional”, and 
both diagonal (71 = 72) and off-diagonal (71 # 72) contributions 
can be recorded. 

The above considerations apply when the inhomogeneous 
contribution is truly static. In the case of more general stochastic 
models of liquid dynamics, the distribution between homogeneous 
and inhomogeneous broadening becomes blurred or even mean- 
ingless. However, there are many circumstances when we expect 
a significant contribution to the spectral broadening that is 
effectively static. Examples include solutes in polar solvents, at 
either reduced temperature” or high visc~sity,~*J~ and chro- 
mophores in proteins such as light harvesting systems.20 

Instead of considering the general fifth-order response functions 
discussed by Tanimura and Mukamel?’ we focus specifically on 
the case where three pulses create three consecutive electronic 
coherence states and the duration times of pulses are sufficiently 
short to ignore the population evolution during the pulse duration 
times. This is a reasonable assumption, since the population 
evolution is generally slow on the femtosecond time scale. Four- 
wave mixing spectroscopy with the same pulse configuration is 
called three-pulse scattering ~pectroscopy.~~ We thus call the 
six-wave mixing spectroscopy we propose here fifth-order three- 
pulse scattering spectroscopy (FOTS). Our goal is to show that 
the FOTS measurements can be used to measure both the 
homogeneous and inhomogeneous contributions. As we shall show 
later, one of the FOTS signals with wave vector 2k3 - 2k2 + kl, 
when measured under the condition 71 = 72 (diagonal contri- 
bution), allows this separation to be made clearly in the Markovian 
limit even though the scattered field is integrated over time. The 
situation is more complicated when more general, non-Markovian, 
line broadening functions are used. Even in this case, the short- 
time distortion of the standard echo signal resulting from Gaussian 
contributions to the line broadening is eliminated in the diagonal 
signal. However, both diagonal and off-diagonal ( T ~  # 72) parts 
of the signal must be measured to distinguish between dynamical 
and static line broadening mechanisms. The off-diagonal signal 
contribution contains both contributions, and so a combination 
of both measurements will also allow determination of the width 
of the inhomogeneous distribution of electronic transition energies. 

A key difference of the FOTS experiment from lower-order 
spectroscopies is that the two electronic coherence periods are 
arbitrarily controlled, whereas both two-pulse or three-pulse 
photon echoes involve two electronic coherence periods, but only 
the duration of the first one of the two is controllable. If the 
signal is measured by integrating over the second electronic 
coherence period, information on the rephasing process is lost if 
the rephasing is not perfectly completed because of the finite 
inhomogeneous width. On the other hand, in the FOTS 
measurements each of the two consecutive electronic coherence 
periods is arbitrarily and independently controllable. Therefore 
the rephasing process can be directly monitored by two- 
dimensional measurements (with two variable delay times). This 
additional degree of freedom available for controlling electronic 
coherence duration times distinguishes FOTS experiments from 
third-order (four-wave mixing) spectroscopies, i.e. photon echoes, 
pump-probe. 

Recently, Tanimura and Mukame122 suggested a very inter- 
esting fifth-order off-resonant spectroscopy using two pairs of 
excitation pulses and a probe pulse. They showed that this two- 
dimensional measurement can separate the inhomogeneous 
distribution of slowly varying parameters, for example of local 
liquid configurations, from the total spectral distribution of 
dynamical time scales. FOTS spectroscopy differs from their 
proposed experiment by utilizing resonant optical fields and by 
directly measuring the response of solute to both dynamical and 
static features of the solvent. 

We organize the paper as follows. Response functions for the 
FOTS spectroscopies are given in section 2. A few simple cases 
for the line broadening functions are considered in section 3.  
Assuming that a collection of harmonic oscillators are effectively 
coupled to the electronic transitions, the homogeneous line 
broadening functions are given in terms of the correctly weighted 
spectral density in section 4. We summarize the results and 
provide a brief physical picture of the new technique in section 
5. 

2. Response Functions for Fifth-Order Three-Pulse Scattering 
Spectroscopy 

We consider a molecule with two electronic states, lg) and le). 
The molecular Hamiltonian is 

weg is the electronic energy gap between the two states. Hg and 
He denote diabatic nuclear Hamiltonians of the electronic ground 
and excited states, respectively. The electronic energy gap in 
condensed media fluctuates due to the interaction with the bath. 
Thus we shall assume14 

w,(t) = Geg + € + 6w(t) (3) 

where a,, is the electronic energy gap averaged over all the 
chromophores. e for a particular chromophore represents a 
deviation from a, and is not time-dependent. Finally, 6w( t )  
denotes a fluctuating variable around a,, + e. 

The external field is given by 

E(r,t) = E,(?  + 71 + exp(ik,r - iwt) + 
E,(t + 7 2 )  exp(ik2r - iwt) + E,( t )  exp(ik,r - iwt) + 

complex conjugates (4) 

where Ei(t) and w denote the temporal amplitude and mean 
frequency of the ith incident pulse. For simplicity we consider 
that the frequencies of the three external fields are all equal 
(degenerate six-wave mixing spectroscopy). The first, second, 
and third pulses peak a t  times -(71 + Q), -72, and 0, respectively 
(see Figure 1). T~ and 72 are the relative delays of the pulses. The 
total Hamiltonian is then 

H = Ho - p E(r,t) 

where p is the electric dipole operator, which is coordinate- 
independent (Condon approximation) 

Considering p E(r,t) as a perturbation term and expanding the 
density matrix up to the fifth-order, we find the fifth-order 
nonlinear polarization 
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Figure 2. Double-sided Feynman diagrams for the 16 response functions. 
The corresponding expressions are given in Appendix A. 
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Here S(5) represents the fifth-order nonlinear response function, 
which consists of 32 terms distinguished by their Liouville space 
pathways 

16 

~(~)(t,,t,,t,,t,,t,) = 2z~CR,(t5,t4,t3,t2,r1) (8) 
a=1 

In Appendix A, we list the 16 nonlinear resknse functions. The 
other 16 response functions are given by the complex conjugates 
of the given terms. The corresponding double-sided Feynman 
diagrams are shown in Figure 2. To see the physical meaning 
of the double-sided Feynman diagrams, consider the first diagram 
corresponding to the nonlinear response function R1 given by 

right to left, the initial equilibrium ground-state population is 
switched into an electronic coherence state le) (gl by an interaction 
with the external field. This electronic coherence state then 
propagates for time r l .  During r2, the system evolves as a 
population state lg) (gl on the potential energy surface of the 
electronic ground state. Next the electronic coherence state 
le)(gl created by the third interaction with the external field 
evolves for t3. The fourth interaction creates another population 
state 18) (gl, which evolves for t4 .  The last period, t5, is theduration 
time of the electronic coherence state le) (8). 

A. Fifth-Order Three-Pulse Scattering (FOTS) Spectroscopy. 
We now consider a special case when the first pulse (with wave 
vector kl) interacts with the optical chromophore once, to create 
an electronic coherence state. Then the second pulse with wave 

Tr[Geg(h) Gss(f4) Gcg(t3) G&) G&) ~ ~ 1 .  BY reading from 
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TABLE 1: Nonlinear Response Functions and Correapoading 
Phase-Matching Conditions for Fifth-Order TIuee-Pulse 
Scattering (FOTS) Spectroscopy 
@ I ( ~ s , ~ ~ J ~ J Z , ~ I )  @ Z ( ~ S J ~ J ~ , ~ Z , ~ I )  @ ~ W ~ J ~ J Z J I )  @4(tS#t4,tl,tZ,tl) 

RI RZ R3 RI 
Rs & Ri RE 
R9 RIO RII Riz 
RI3 RI4 Rl5 R16 

ki 2k3 - kl 2k3 - 2k2 + kl 2k2 - kl 

vector kz interacts twice with thechromophore to create the second 
electronic coherence state. Finally the two interactions with the 
third pulse with wave vector k3 generate the third electronic 
coherence state. In other words, this particular set of polarizations 
depend to the first order on El and to the second order on E2 and 
E3. This particular sequence of interactions is what we earlier 
called the fifth-order three-pulse scattering (FOTS) experiment. 
Although the scheme we described above is a special case of the 
six-wave mixing spectroscopies, it should not be very difficult to 
consider more general, arbitrary-order nonlinear spectroscopies.21 
We find that the fifth-order scattering experiment we shall discuss 
shows clearly the advantage of the six-wave mixing spectroscopy 
over four-wave mixing techniques in separating the homogeneous 
and inhomogeneous contributions to the optical broadening. 

Invoking the rotating wave approximation (RWA) and con- 
sidering the associated phase-matching conditions, we can separate 
the 16 response functions into four groups, @1-@4, as listed in 
Table 1. The wave vectors of the fifth-order polarization within 
the rotating wave approximation are kl, 2k3 - kl, 2k3 - 2k2 + kl, 
and 2kz - kl corresponding to the first, second, third, and fourth 
groups, respectively. 

Now we shall assume that the pulseduration time is sufficiently 
short to ignore the population evolution during the pulse duration 
time, that is to say, we shall consider the following approximations 

Gou(t2) = Gou(t4) 1 (a = g,e) (9 )  

Usually this is a good approximation, since the evolution of the 
population states is slow on the time scale of the femtosecond 
laser pulses. Within this approximation, the four response 
functions belonging to the same group are all the same. Thus, 
the four representative nonlinear response functions are 

@I(= R1 = R5 = R, = R13) Tr[G,,(t) Geg(72) Geg(71) P,] 

Note that there are three electronic coherence periods. The first 
electronic coherence period is controlled by the delay time ( T I )  
between the first and the second pulses, and the second electronic 
coherence period is controlled by 7 2 .  The third electronic 
coherence state evolves for time t .  Since no population evolutions 
are involved in this measurement, there are no vibrational 
coherences (quantum beats) in contrast to pump-probe23 or three- 
pulse photon echo16 measurements. In section 3, we will briefly 
discuss the intramolecular vibrational contribution to FOTS 
measurements. 

The nonlinear polarizations corresponding to the four nonlinear 
response functions are 
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@)(T1,T2,t;ks = 2k3 - 2k2 + k,) @’3(t ,0 ,~2,0,~1)  

P ( 4 ) ( ~ , , ~ ~ , f ; k ~  = 2k2 - k,) z @4(f,0,~2,0,~1) (11) 

The scattered signals generated by the fifth-order nonlinearity 
of the chromophore are, within the slowly varying amplitude 
approximation,l3b then 

Thus, by calculating the nonlinear response functions given in eq 
10, we can obtain the four signals. 

In order to calculate the nonlinear response functions, we expand 
He around Hg and consider the time-dependent electronic 
transition energy to be given by eq 3. We can then rewrite the 
response functions in terms of time-ordered exponential functions 
of the energy-gap fluctuation operator. Using the cumulant 
expansion technique and considering terms up to second order, 
we find the four nonlinear response functions as follows: 

Here the angle brackets ( ) I  denote an ensemble average over the 
inhomogeneous distribution, 

where flc) represents the distribution function of the inhomo- 
geneity parameter, E. The line broadening functiondt) is defined 
as 

where (6w(sl) 6w(s2)) isa one-sidedquantumcorrelation function, 
which is a complex function. In order to obtain eq 13, we 
introduced the factorization approximation to the trace operator. 
Because of the inhomogeneous effects, e.g. (exp(-ir(.rl + TZ + 
t ) j ) , ,  the nonlinear response functions are peaked around t = 0, 
71 + 72,  7 2  - 71 (when 7 2  > 71) or 0 (when T Z  < TI),  and 71 - 7 2  

(when 71 > 7 2 )  or 0 (when TI < ~ 2 )  corresponding to @1-@4, 
respectively. 

In practice, the wave vector (kl) of S1 is identical to those of 
the first pulse and one of the four-wave spatial grating signals,14 
and the wave vector of S4 is identical to that of the conventional 
two-pulse photon echo field.I6 Therefore, it is difficult to 

The Journal of Physical Chemistry, Vol. 98, No. 13, 1994 3481 

distinguish the sixth-order signal from the lower-order signals in 
these twocases. However, thewavevectors ofthe twocomponents 
corresponding to a2 and a3 are clearly separated from the lower- 
order signals and thus can be measured without any complications 
from those of the lower-order contributions. Therefore, we shall 
consider only Sz and S3 hereafter. Inserting @z and @3 into eq 
12, we have 

S 2 ( ~ 1 , ~ 2 ; k s  = 2k3 - k,) a Kdt((exfi-ic(7, + T~ - t)))r12 X 

exp{-4Re[g(Tl + T z ) ]  - 4Re[g(t)l + 2Re[g(r, + 7 2  + t)]) 

S 3 ( ~ 1 , ~ 2 ; k s  = 2k3 - 2k2 + k,) a ldt l (exf i - ic(r ,  - 7 2  + 
t))>A2 X exp{-4Re[g(~,)l - 8Re[g(72)1 - 4Re[g(t)l + 

4Re[g (~ ,  + Tz) ]  + 4Re[g(.r2 + t)] - 2Re[g(r, + 7 2  + t)]) 
(16) 

Equation 16 is the main result of this section. The FOTS signals 
consist of both inhomogeneous and honiogeneous contributions. 
In general, the imaginary part of the line broadening function, 
g( t ) ,  is related to the spectral diffusion. However, since only the 
real part of g(t) appears in the signal, spectral diffusion does not 
affect the FOTS signal. For the sake of simplicity, we assume 
that the inhomogeneous distribution function fir) is Gaussian, 

AE) = fo exp{-c2/2A2) (17) 

wherefo is a weighting factor. Then the inhomogeneous factors 
in eq 16 are respectively 

)(exfi-iE(7, + T~ - t ) } ) , l z  = 
2&A2 exp{-A2(7, + T~ - t)’] for S2 

I(exp{-ie(.r, - T~ + tj))I12 = 
27r-A’ exp{-A2(7, - T~ + 2) ’ )  for S3 (18) 

Since the line broadening function g(t)  is usually very complicated, 
except for the Markovian limit (Bloch approximation),14wecannot 
obtain analytic expressions for Sz and& by evaluating the integral 
over t .  We consider several limiting cases before discussing the 
general response. 

3. FOTS Signals with Approximate Line Broadening 
Functions 

In this section, we shall consider three limiting cases: (i) broad 
inhomogeneous limit, (ii) Markovian limit (optical Bloch ap- 
proximation), and (iii) Gaussian broadening limit (short-time 
approximation). Although each of them is a limiting case, since 
the exact analytic expressions can be obtained in these limits, we 
find that each case is revealing in understanding the nature of 
FOTS experiments. 

A. Inhomogeneous Broadening Limit. In case of the large 
inhomogeneous broadening limit, the inhomogeneity factors can 
be approximated as 6 functions, 6(71 + 7 2  - t )  and 6(71 - 7 2  + 
t). The signals then reduce to 

S3(7,,T2;ks = 2k3 - 2k, + k,) 0: exp(-4Re[g(~,)] - 
8 R e [ g ( ~ ~ ) l  - 4Re[g(7, - ~ ~ 1 1 )  X exP{4Re[g(7, + 7211 + 

4Re[g(2~, - TI)] - 2Re[g(2~,)]} for 7 2  2 7 2  (19) 

Note that the integral over t in eq 16 ranges from 0 to a. Thus, 
the signal S3 is given by eq 19 only when TZ 2 71. In this broad 
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inhomogeneous limit, the inhomogeneous contribution is com- 
pletely eliminated by perfect rephasing processes. However, in 
this case conventional photon echo measurements also give the 
homogeneous dephasing behavior. Therefore, FOTS measure- 
ments do not show any merits in this limit. 

B. MukovlPnLimit (OpticalBkbApproximation). Although 
the Markovian approximation to the fluctuation correlation 
function in eq 15 was shown to be poor in l i q ~ i d s , l l ~ J ~ ~ J ~  in order 
to understand the distinguishability of the inhomogeneous and 
homogeneous contributions, we consider the Markovian limit. In 
this case the line broadening function g(t)  is simply given by g(t)  
= rt. Within this approximation we can evaluate the integral 
for S2 and S3, 

s 2 ( ~ 1 , ~ 2 ; k s  = 2k3 - k,) a 
C, exp(-4r(T1 + 72)) erfc(I'/A - A(T, + 7 2 ) )  

s 3 ( ~ 1 , ~ 2 ; k s  = 2k3 - 2k,) a 
C, exp{-4I'~,) erfc(I'/A - A ( T ~  - 7 , ) )  for T~ 1 T~ (20) 

where C, = r 3 ' x A  exp{F2/A2). Here erfc(x) is the comple- 
mentary error function, 1 - erf(x). In the case of (i) the broad 
inhomogeneous limit (A >> I") and (ii) qhort delay time A >> 1/172 
A 711, erfc(x) is approximately equal to 2 - exp( - x2>/&. 
Then the two signals S2 and S3 are simply 

s 2 ( ~ 1 , ~ 2 ; k s  = 2k3 - k,) a exp{-4r(T1 + T ~ ) )  

These two equations can also be obtained from eq 19 by invoking 
the Markovian approximation. However, if either of the above 
limits (i) and (ii) is not satisfied, we have additional contributions 
from the inhomogeneous effects appearing in the complementary 
error functions. Consider two-dimensional measurements of S2 
and S3 by varying T I  and 72 independently. The diagonal parts 
of the two-dimensional signals (when T = 71 = 72) are respectively 

s2(7 = T~ = T ~ ;  k, = 2k3 - k,) 0: 
C, exp(-Wr) erfc{r/A - 2A7) 

S 3 ( ~  = 7 ,  = T ~ ;  k, = 2k3 - 2k2 + k,) a 
C, erfc(I'/A) exp{-4I'T) (22) 

As can be seen in eq 22, the diagonal part of S3 is purely determined 
by the homogeneous contribution, even though no restrictions 
were placed on the time scale of the inhomogeneous broadening 
function. In contrast, the diagonal part of Sz still consists of both 
homogeneous and inhomogeneous contributions. 

Consider a special case of S3 when A >> r and A << 1/87 with 
67 = 1 2  - TI 1 0. Although the short-time part of both S2 and 
S3 can, in general, be measured to get information on A, we find 
that thedifferencebetween thetwodelay times in themeasurement 
of S, may be more easily controlled in the real experiment. In 
this limit, since erfc(r/A - A(Q - T I ) }  - 1 + 2A6~/&, we find 
the off-diagonal part of the signal, S3(~1 # 7 2 ) :  

s 3 ( ~ 1 , ~ 2 ; k ,  = 2k3 - 2k2 + k,) a 
c, exp{-41'T2}( 1 + 2A67/&) with 67 = 72 - T~ 1 0 (23) 

Therefore, for a fixed 7 2 ,  by varying 6~ and plotting the signal 
S3 with respect to 67 for small 67, we can measure the width of 
the inhomogeneous distribution A directly from the slope of the 
plot. This ability to measure the width of the inhomogeneous 
distribution function is a unique feature of the S3 measurement 
compared to measurements of S2 or conventional photon echoes. 

It should be mentioned that in the Markovian limit the line 
broadening function is linearly dependent on time arguments, 
e.g., g(~1 + 72) = I'(q + 72). Therefore, in this limit, a complete 
separation of the homogeneous contribution from the inhomo- 
geneous effects can be achieved. 

C. Gaussian(Inwtial) Broadening Limit: Sbort-TimeBehavior. 
An inertial component in the solvent fluctuations has been observed 
in time-dependent fluorescence Stokes shift measurementsu and 
coinputer simulation studies.25 The solvent fluctuation correlation 
function ( 6 w ( t )  6w(O))  can be approximated by ( 6 w a ) ( l  - Q2t2/2 
+ ...) for short time. The initial quadratic decay constant is 
given as ( 6w2)Q2/2. Then for a sufficiently short time, i.e. Q2t2/2 
<< 1, the line broadening function g(t)  is (6wz)t2/2. In other 
words, on this time scale the whole system is intrinsically 
inhomogeneous regardless of a subsequent time scale separation 
between the homogeneous and inhomogeneous contributions. In 
this case it is not meaningful to separate A and m. The 
magnitude represents the width of the effective 
inhomogeneous distribution for short times. We shall discuss 
this point further in section 5 .  The FOTS signals S2 and S3 for 
very short times are 

s 2 ( ~ 1 , ~ 2 ; k s  = 2k3 - k,) a 

S3(7,,T2;ks = 2k3 - 2k2 + k,) a 

r3'ZA2 + ( 6 w 2 )  e r f c ( - m ( ~ ~  - 7 , ) )  (24) 

Both the diagonal and off-diagonal (measured with respect to 67 
= 72 - T I )  signals decay as erfc(x) and give the magnitude of m. It should be emphasized that eq 24 is valid only 
for short time, that is to say, the diagonal part of S 3  is a constant 
only for short time, since wedid not include the term ( 6 d ) Q V / 2  
in approximating g(t) in this limit. 

4. General Homogeneous Line Broadening Function: 
Effective Harmonic Bath Model 

In this section we present a general model for the line broadening 
function. We shall assume that the bath consists of a largenumber 
of harmonic oscillators. The coupling strength of each harmonic 
oscillator to the electronic transition is determined by its 
displacement from the equilibrium position in the electronic 
ground state. The dimensionless displacement of the ith harmonic 
oscillator is defined as r i  = mpiA: /2h,  where mi, wi, and Ai are 
the mass, frequency, and displacement of the ith oscillator. The 
spectral density representing the dynamical aspects of the bath 
is then assumed to be represented by 

With the spectral density defined in eq 25, the line broadening 
function, g( t ) ,  defined in eq 15 can be written as 

g(t) = -jot + P( t )  - iQ(t) (26) 
where 

0~ Jdw w p ( w )  ( 2 7 4  

P ( t )  = JdW p(~)[2n(~) + 1](1 -cos ut) (27b) 

Q(t) Jdw p(w) sin wr (27c) 

Here n(w) is the Bose-population factor, l/(exp(ho/keT) - I), 
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where k~ and Tare the Boltzmann constant and temperature. 0 
is equal to half of the Stokes shift magnitude. Various models, 
such as the stochastic model' or the Brownian oscillator model?' 
can be incorporated into the calculation by using suitable 
functional forms for the spectral density. Although the general 
line broadening function given in eq 26 is a complex function 'In 
time, only the real part of g(t), P(t ) ,  is needed to calculate the 
two FOTS signals in eq 16. Since the spectral shifts with respect 
to the delay times are described by the phase evolution of the 
response function, which is given by Zm[g(t)] = -ut - Q(t),  the 
FOTS signals given in eq 16 are not affected by spectral diffusion 
(solvation dynamics). 

In order to understand the contributions to the FOTS signals 
from intramolecular vibrational modes, we assume that the 
spectral density p(w)  is divided into bath and high-frequency 
intramolecular vibrational modes, i.e. p ( w )  = ~ B ( u )  + pv(w). 
Here pe(w) and pv(w) denote the spectral densities representing 
the distribution of the bath harmonic oscillators and intramo- 
lecular vibrational modes. Usually, the bath oscillators are 
distributed continuously because of the large number of degrees 
of freedom of the bath, whereas the intramolecular modes are 
discrete. The line broadening function g(t) can then be written 
asg(t) = &(t) + gv(t). For simplicity, weconsider oneundamped 
intramolecular vibrational mode. The corresponding spectral 
density pv(w) is then given by pv(o) = rv 6(w - WV), where rV(= 
mvovAt/2h) and wv are the coupling strength and vibrational 
frequency, respectively. The real part of the line broadening 
function of this intramolecular mode, gv(t), is equal to Re[gv(t)] 
= I'v[2n(wv) + 1]{1 -cos wvtj. Since the total response function 
is given by an exponential of a sum of Re[g(r)]'s and Re[g(t)] 
= Re[g~(t)] + Re[gv(t)], wecanwritethetotalresponsefunction 
as a product of the intramolecular and bath response functions 

where ( P t ( t , 0 , ~ ~ , 0 , ~ ~ )  and (P:(t,0,T2,0,T1) represent the bath and 
intramolecular mode response functions, respectively. Inserting 
the equations for Re[gv(t)] into eq 16, we can write the two 
signals S2 and S 3  as 

The discrete intramolecular vibrational mode thus contributes to 
the signal as expi-A cos wvt) with the constant A determined by 
thecoupling strength rv. However, since the oscillatory behavior 
induced by the intramolecular mode contribution is multiplied 
by the quickly decaying bath response function, it may be very 
difficult to observe the intramolecular vibrational dynamics in 
these two signals. This is in contrast to the three-pulse photon 
echo or pump-probe signals measuring the population evolution 
on both excited and ground etectronic states, where the impulsively 
excited coherent vibrational contribution appears (in the small 

0 t 

+ 
O t  

Figure 3. t-Dependent two-pulse photon echo and diagonal FOTS-S3 
signals (thick curves following the excitation pulses). The photon echo 
intensity is peaked at t = T ,  whereas the diagonal Sa signal is peaked at 
t = 0 (see the text for details). 

signal limit) as a cosinusoidal function, i.e. cos(wvt + gv), instead 
of exp{-A cos ovt). 

5. Discussion and Summary 
We have described an experiment in which three optical pulses 

are used to create three consecutive electronic coherence states. 
The duration times of the first two electronic coherence periods 
are controlled by the two delay times between the pulses. The 
field scattered by the fifth-order optical nonlinearity is measured 
by integrating the scattering field intensity over the final coherence 
duration time. The fifth-order three-pulse scattering (FOTS) 
spectroscopies are divided into four groups, which are distinguished 
by different phase-matching conditions and different nonlinear 
response functions. The four wave vectors are kl, 2k3 - kl, 2k3 
-2k2+ kl,and2k~-kl. Thetwocomponentswhose wavevectors 
are 2k3 - kl and 2k3 - 2k2 + kl are clearly distinguished from 
the lower-order spectroscopies. 

A. Comparison of FOTS-SJ Signal with Two-Pulse Photon 
Echo (TP-PE). In this subsection, we will consider SS only, which 
clearly showed some merits over S2 and TP-PE measurements. In 
order to clarify the elimination of inhomogeneous effects in the 
FOTS (5'3) measurements observed along 2k3 - 2k2 + kl, we 
compare it with the conventional two-pulse photon echo observed 
along 2k2 - kl. Here we consider a finite inhomogeneous 
distribution. 

The two pulses in the TP-PE measurement are separated by 
a controllable delay time T as shown in Figure 3a, and the 
t-dependent photon echo intensity is shown by the thicker curve 
in the same figure. In this case, the second pulse acts as a time 
reverser for the inhomogeneous dephasing of the electronic 
coherence created by the first pulse. Because of the finite 
inhomogeneous width, the rephasing is not perfect; that is to say, 
the photon echo intensity is not a 6 function with respect to t .  
However, the maximum of the t-dependent echo intensity still 
appears at t = 7. It should be noted though that the echo intensity 
around the maximum is generally asymmetric. This arises because 
the homogeneous response function is a monotonously decreasing 
function with respect t6 t ,  whereas the inhomogeneous response 
function is Gaussian and thus symmetric around t = 7. Thus the 
overall t-dependent echo intensity is asymmetric around the 
maximum. The t-dependent echo intensity is then determined 
by both the inhomogeneous and homogeneous responses. If the 
inhomogeneous width is very broad, the t-dependent echo intensity 
approaches a narrow Mike function as a result of perfect rephasing. 
When the controllable time T is set to zero, the t-dependent echo 
intensity is a monotonically decaying function, which is just the 
free-induction decay. When T is comparable to 1 /A, which is the 
time scale of the inhomogeneous effect, as shown in Figure 3a, 
the t-dependent echo intensity increases until it reaches the 
maximum (t = 7 )  and decays by the free-induction decay. In this 
case the left-hand portion of the echo intensity is missing because 
of the causality condition. Now for a large T >> l/A, the 
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full-from the left wing to the right wing-t-dependent echo 
intensity is included in the integration over t. Throughout these 
three cases, the overall homogeneous response decays with respect 
to any combinations o f t  and 7. The resulting 7-dependent echo 
signal is then obtained by calculating the area under the 
t-dependent echo intensity. Therefore, the 7-dependent integrated 
echo signal increases for short time (T C 1 /A), and after it reaches 
its maximum, the signal decays. Although this initial increasing 
behavior is governed by the time scale of the inhomogeneous 
effect, i.e. l / A ,  the short-time Gaussian nature of the line 
broadening function discussed in section 3C is an inhomogeneous 
effect, where the corresponding quasi-inhomogeneous width is 
given by a. When a Gaussian component of a line 
broadening function exists, the presence of an initial increase 
(Figure 3a) in the integrated two-pulse echo signal is likely to be 
an intrinsic characteristic of the integrated photon echo signal. 

We now consider the FOTS-S3 signal given in eq 16 with 18. 
For a finite inhomogeneous distribution, regardless of either the 
controlled delay time T or the inhomogeneous width A, the 
t-dependent echo intensity is a monotonically decaying function, 
as illustrated in Figure 3b. This is not only because the rephasing 
is always completed by controlling the two delay times to be 
equal but also because causality requires the signal to begin only 
at the third pulse. This is the novel feature of the& measurement. 
Therefore, thediagonalsignalS3(7 = TI  = 72) is not contaminated 
by the strong inhomogeneous effect which appears in the TP-PE 
measurements. However, a second complication arising from 
inhomogeneous effects is not eliminated by the diagonal FOTS- 
S 3  measurement. We discuss this topic in the following section. 
One other advantage of the S3 measurement, aside from the 
possibility of measuring the homogeneous response function by 
making the rephasing perfect, is that we can also deliberately 
make the rephasing imperfect and measure the off-diagonal signal 
where q # r2. In the case when there is no inhomogeneous 
effect, for a fixed TI, the 72-dependent signal with 7 2  1 should 
have the same decay profile as the diagonal S 3  signal, since both 
are determined by the same homogeneous response. Thus, by 
measuring both the diagonal and off-diagonal signals, we may 
be able to determine the inhomogeneous width. 

B. Can We Separately Measure Homogeneous and Inhomo- 
geneous Contributions? When we discuss the homogeneous and 
inhomogeneous contributions, we have already assumed that there 
exists a significant time scale separation between the homogeneous 
and inhomogeneous effects on the fluctuation of the electronic 
transition energy gap. In general, such a separation may not 
exist. For example, if the local structures are rapidly intercon- 
verting with a frequency comparable to the frequencies of the 
solvent motions, there is no clear-cut division of homogeneous 
and inhomogeneous contributions. In this case the theoretical 
model must incorporate these two aspects simultaneously, in order 
to describe the energy gap fluctuations. Conceptually, there is 
no static inhomogeneous effect in this case. In this situation, 
experiments measuring the evolution of the electronic coherence 
state, such a photon echo, may not be superior to simple absorption 
spectroscopy. The reason (as discussed in section SA) is that no 
portion of the full response function is eliminated by these 
experiments, which is in contrast to what we expect from the 
conventional photon echo measurements. 

In this paper we have discussed whether photon echo mea- 
surements are useful to effectively eliminate the static inhomo- 
geneous distribution when the width of the inhomogeneous 
distribution, A, is comparable to the homogeneous width, (802). 
Our concern may appear to be inconsistent with a number of 
recent studies which have described absorption spectra in 
molecular liquids as being governed by large inhomogeneous 
contributions and having shapes close to G a u s ~ i a n . ~ * ~ + l ~  Do these 
observations mean there is a large static distribution of local 
structures around thechromophores? The distribution is certainly 

static on the time scale of the inverse line shape, but this does not 
imply that spectroscopies that are higher order than linear 
absorption cannot reveal the dynamical time scale. Absorption 
spectra at high temperature are in fact mostlydetermined by the 
short-time nature of the solvent dynamics because, via the 
fluctuation4issipation theorem, the fluctuation amplitude is 
proportional to kBT. 

What the diagonal S3 signal can do in the intermediate case 
when A is comparable to ( 6w2) V2 is to eliminate (vide supra) the 
short-time distortion caused by the Gaussian contribution to the 
response function (seesection 3C). Thiscontributionisassociated 
with the inhomogeneous distribution of short-time snapshot local 
structures around chromophores. The contamination of the S3 
signal from inhomogeneous effects in the case of non-Markovian 
line broadening must now be discussed in more detail. To do so, 
we return to eq 30. When 71 = 72, the inhomogeneous factor for 
S 3  in eq 30 i s h  exp(-A2t2), which is independent of TI(= 72). In 
case of the general bath model, the line broadening function, for 
exampleg(~2 + t ) ,  cannot becompletely separated intoa function 
of 7 2  only and a function of t only. Thus there is a possible 
contamination of the signal from the inhomogeneous effect 
because of this nonseparability. The inertial solvation dynam- 
ics24.25 mentioned in section 3C provide a specific example where 
this may occur. Numerical calculations show that for such a 
case the contamination is much smaller in the diagonal FOTS-S3 
signal than in the standard two-pulse echo. In addition, within 
our model of two separate contributions to the overall line shape 
originating from homogeneous and static inhomogeneous effects 
(eq 3), the line broadening function g(t) is solely determined by 
(6u2), as can be seen in eq 15. This implies (and is confirmed 
by preliminary numerical studies) that the decay of the diagonal 
S3 signal is largely determined by a function of the homogeneous 
fluctuation amplitude ( h2), whereas the short-time off-diagonal 
S 3  signal can provide the whole fluctuation amplitude regardless 
of the time scale separation between homogeneous and inho- 
mogeneous contributions. Thus, by carrying out both diagonal 
and off-diagonal measurements, it should be possible to char- 
acterize the separate contributions, ( 6w2) and A2, to the spectral 
broadening. The way in which the bath dynamics deviate from 
Gaussian dynamics can then be captured by the& measurements. 
These non-Gaussian aspects of the response function, which are 
higher-order expansion terms with respect to time than the 
quadratic term in the g(t)’s, also contribute to the wings of the 
absorption spectrum. 

We must close this discussion by noting that detailed numerical 
studies with a wide range of parameters are required to establish 
the limitations of the FOTS-S3 measurement in the non- 
Markovian case. However, there exist numerous cases where 
many orders of magnitude separate the slow fluctuating variables, 
such as molecular conformations and local structures in glasses, 
from the fast fluctuating variables, such as collective intermo- 
lecular vibrations and phonons in proteins and glasses. In these 
cases the Markovian approximation may be well applicable. In 
this limit, the inhomogeneous contribution appears as a com- 
plementary error function with, for example, an argument, (I?/ 
A) - (A(T~  - 71)) for the FOTS signal with wave vector 2k3 - 2k2 
+ kl. The diagonal part (TI = 72) of this signal contains only the 
homogeneous contribution, even though the FOTS signals are 
obtained by integrating the scattered field intensity, as are 
conventional photon echo signals. The off-diagonal part (71 # 
72) of the same FOTS signal, when measured with respect to 87 
= 72 - 7 1  2 0, can be used to directly measure the width (A) of 
the inhomogeneous distribution function. At short times, the 
signals S 2  and S3 decay like a complementary error function with 
negative arguments. By measuring the initial slope of signals at 
short time, it may be possible to estimate m, where 
A and ( 8 0 ~ )  are the width of the inhomogeneous distribution and 
mean square solvent fluctuation amplitude. 
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where p g  is the thermal density matrix, 

Here we assumed that the system is initially in thermal equilibrium 
in the ground state. 
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